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We study vortex-like configuration in Maxwell-Chern-Simons Electrodynamics. Attention is paid
to the similarity it shares with the Nielsen-Olesen solutions at large distances. A magnetic sym-
metry between a point-like and an azimuthal-like current in this framework is also pointed out.
Furthermore, we address the issue of a neutral spinless particle interacting with a charged vortex,
and obtain that the Aharonov-Casher-type phase depends upon mass and distance parameters.
PACS numbers: 11.10.Kk;11.15.-q;
I. INTRODUCTION
Since the appearance of the first works on field-
theoretic models defined in the (2+1)-dimensional space-
time, nearly two decades ago [1, 2, 3, 4], a great deal of
efforts has been driven to the subject [5]. Actually, pla-
nar physics has not only shed light on theoretical ques-
tions concerning the structure and topology of such a
space-time, but has also provided a number of new and
powerful ideas and techniques with wide applications, for
example, in Condensed Matter phenomena. “Exotic ob-
jects” exhibiting fractional statistics and charge, for in-
stance, have been proposed as the keystone entities for a
better and deeper understanding of the Fractional Quan-
tum Hall Effect (for details, see Ref. [6]). Along this line,
there is also a broad literature claiming for their impor-
tance in a number of mechanisms involved in the so-called
High-Tc Superconductivity, whenever planar physical ef-
fects cannot be neglected (for reviews, see Ref. [7]).
In this sense, the so-called Chern-Simons action is
a simple and good example of a model which provides
such requirements. This comes about by virtue of
its topological nature, which gives rise to a number
of novelties, whenever coupled to matter or even to
other models. Actually, besides the fractional statistics,
such an action also displays the interesting feature of
∗Electronic address: colatto@cbpf.br
†Electronic address: helayel@cbpf.br
‡Electronic address: hott@feg.unesp.br
§Electronic address: winder@cbpf.br,winder@fafeod.br
providing a gauge invariant mass gap for matter and
gauge fields (for further details, see Ref. [2]). In this
case, the excitations described by the matter fields
are shown to be attached to the magnetic vortex-like
objects. As a consequence of the connection between an
Aharonov-Bohm type phase and quantum physics, these
composite objects display fractional statistics [3, 4, 7, 8].
In a recent paper, we have studied issues concerning
planar radiation in Maxwell and Maxwell-Chern-Simons
(MCS) models, namely, how the Huyghens Principle and
Planck’s Law read in the planar world [9]. A number
of results have indicated that “planar photons” should
behave quite different from their (3+1)-dimensional
counterparts. In this sense, the present work may
be viewed as a step forward in the issue of planar
radiation propagation. Indeed, Section 4 is devoted
to the Aharonov-Casher-type effect between a MCS
charged vortex and a neutral spinless particle. In this
case, the results may be considered as a way to measure
the Chern-Simons parameter, as long as experiments
concerning planar aspects of physical radiation could be
performed.
2II. THE MCS VORTEX-LIKE
CONFIGURATION
Let us start off with the pure Chern-Simons model,
which may be written as:1
LCS = m
2
ǫµνκAµ∂νAκ −Aµjµ , (1)
where jµ is the conserved current, ∂µj
µ = 0. The equa-
tions of motion are simply:
Fµν =
1
m
ǫµνκj
κ , (2)
while Bianchi identity reads: ∂µF˜
µ = 0; with the usual
definitions: Fµν = ∂µAν − ∂νAµ and F˜µ = 12ǫµνκFνκ.
Now, if we take a point-like electric charge, ρ(~x) =
qδ2(~x), then we get a point-like magnetic vortex, B(~x) =
(q/m)δ2(~x) attached to the charge. This vortex has finite
flux, ΦB =
∫
d2~xB(~x) = q/m, but the magnetic energy,
EB = 12
∫
d2~xB2(~x), blows up, highlighting its point-like
structure. In addition, we should notice that, in this
framework, electromagnetic interaction takes place only
by “contact”, since there is no photon dynamics. Then,
whenever two (or more) of these composites (charged
vortex) interact amongst themselves, topological phases
(Aharonov-Bohm type) are induced in one another, and
fractional statistics takes place (some reviews on the sub-
ject are listed in Refs. [3, 4]).
On the other hand, whenever Higgs fields are coupled
to Chern-Simons Lagrangian density, i.e.:
LCSH = m
2
ǫµνκAµ∂νAκ + |Dµφ|2 − V (φ) , (3)
then, the eqs. of motion (for the Aµ-field) take the forms:
Fµν =
1
m
ǫµνκj
κ =
i
m
ǫµνκ [φ
∗Dκφ− (Dκφ)∗ φ] , (4)
while Bianchi identity remains ∂µF˜
µ = 0. The magnetic
field, for example, now reads:
B(x) =
i
m
[φ∗D0φ− (D0φ)∗ φ] . (5)
The magnetic vortex-like configurations associated to the
solution above are electrically charged (like those appear-
ing in pure CS model), in contrast with their counterparts
of the usual Abelian Higgs model. Moreover, it is well-
known that such a model supports topological (|φ| → ν
as |~x| → ∞) and non-topological (|φ| → 0 as |~x| → ∞)
1 diag(ηµν ) = (+,−,−), greek letters label space-time compo-
nents, µ, ν, etc = 0, 1, 2, while latin ones are spatial indices,
i, j, etc = 1, 2. We also take ǫ012 = ǫ012 = +1, and ǫ0ij = ǫij =
ǫij , and set h¯ = c = 1, except when otherwise indicated.
solitons, as well. Their flux, charge and energy are re-
spectively given by:
ΦB = 2πN , Q = mΦB and E = ν2|ΦB| , (6)
ΦB = 2π(N + α) , Q = mΦB and E = ν2|ΦB|, (7)
with integer N , measuring the vorticity of the soliton so-
lutions, while α is a continuous parameter. Notice also
that all of these three quantities are finite. Namely, the
finiteness of the energy implies that such configurations
are finite-size (for a review, see Ref. [4] and related ref-
erences therein).
In the present work, we would like to concentrate on
the Maxwell-Chern-Simons Electrodynamics, whose La-
grangian density reads as below:
LMCS = −1
4
FµνF
µν +
m
2
ǫµνκAµ∂νAκ −Aµjµ , (8)
which leads us to the following eqs. of motion:
(
∂ν∂
ν +m2
)
F˜µ =
1
m
ǫµνκ∂νjκ − jµ, (9)
besides the geometric one, ∂µF˜
µ = 0.
By virtue of the Maxwell term, Gauss Law becomes
a dynamical equation, and interaction between electric
charges turns out to be of finite range. As we shall see
in what follows, such a feature is responsible for another
very interesting aspect concerning solutions of the ~E and
B fields, specially the magnetic sector, which now ap-
pears to have associated finite-energy.
For that, let us consider eq. (9), describing a point-
like electric charge, j0 = ρ(~x) = qδ
2(~x), integrated over
the two-dimensional volume. Then, we get (using that
the classical fields, ~E and B are short-range; a more gen-
eral study of this problem, including time-dependent so-
lutions, may be found in Ref. [10]):∫
V
d2~x∇ · ~E =
∮
∂V
~E · d~S |r→∞= 0 = q −mΦB , (10)
which implies that the total magnetic flux associated to
the B-field is:
ΦB =
∫
V
B(x)d2~x =
q
m
, (11)
and the total electric flux vanishes.
Let us now seek for possible solutions to the eq. (11).
An immediate solution consists in taking the magnetic
field concentrated at a unique point (like in the pure
Chern-Simons case): B(~x) = qmδ
2(~x). It is easy to check
that, while this field satisfies (11), it does violate Gauss
Law, ∇ · ~E(~x) = ρ(~x)−mB(~x), whenever ∇ · ~E 6= 0. Ac-
tually, the suitable solution for the magnetic and electric
fields which satisfy the eqs. (9), (10) and (11) are given
by:
B(~x) = +
mq
2π
K0 (m|~x|) , (12)
~E(~x) = +
mq
2π
K1 (m|~x|) xˆ . (13)
3Here, K0 and K1 are modified Bessel functions of 2nd
kind and xˆ = ~x/|~x|.
The gauge potential, in turn, appears to be:
A0(~x) = +
q
2π
K0(m|~x|) , (14)
Ai(~x) = +
q
2πm
ǫij
xj
|~x|
(
1
|~x| −mK1(m|~x|)
)
. (15)
Now, let us remark that, since K0 and K1 behave like
e
√
m|~x|/
√
m|~x| as |~x| → ∞, then ~E, B and A0 vanish
asymptotically. In contrast, the vector potential is long-
range: Ai(~x) = + q2πm ǫ
ij xj
|~x|2 as |~x| → ∞, which is a
pure-gauge term, ∂iθ(~x), and supports, similarly to the
pure Chern-Simons case, the magnetic vortex-like solu-
tions, eq. (12). Another interesting feature of such quan-
tities concerns their behavior near the origin: while ~E,
B and A0 blow up as |~x| → 0, the vector potential, ~A,
vanishes. Then, although CS Electrodynamics quanti-
ties are recovered at large distances (what is equivalent
to take m → ∞, as usual), the finite scale behavior of
both models are quite different, mainly as |~x| → 0.
The magnetic field of eq. (12) presents finite flux and
energy given respectively by (see expressions 6.561-16 in
page 684, and 5.54-2 in page 634 of the Ref. [11]):
ΦB =
q
m
,
EB = q
2m2
8π2
∫
d2~x
[
K0(m|~x|)
]2
=
q2
8π
,
which could suggest that our electrically charged mag-
netic vortex-like configuration, (12), presents finite-size.
However, since magnetic vortices in MCS framework al-
ways appear electrically charged, then their total energy
(electric + magnetic) blows up, since solution (13) leads
to a divergent electric energy. Then, although the mag-
netic sector presents finite energy, the charged vortices
are structure-less, similarly to their counterparts in pure
Chern-Simons model.
To end this section, let us perform a brief com-
parison amongst our magnetic results and those found
by Nielsen and Olesen [12] in the case of the (3+1)-
dimensional Abelian Maxwell-Higgs (AMH) model with
axial-symmetry (then, an effective (2+1)d theory). Their
asymptotic results read as below:
| ~A(~x)|N-O = 1
er
− |φ|K1(e|φ|r) , (16)
| ~B(~x)|N-O = + e|φ|2K0(e|φ|r) , (17)
where e is the minimal coupling constant, Dµ = ∂µ +
ieAµ, while |φ| = constant is the absolute value of the
Higgs field as r becomes large.
Since their results and ours are strictly obtained in
different space-times, then the gauge potential and the
classical electromagnetic fields have different canonical
dimensions. So, at a first stage, only the arguments of
the Bessel functions could be compared. In this case, the
similarity in behavior demands that:
m = e|φ|,
which states us that the CS-parameter is fixed by the
value of the Higgs field (times the constant e).
Nevertheless, Nielsen-Olesen solutions, eqs. (16,17),
are strictly valid whenever AMH model is defined in
(2+1) dimensions. Now, the gauge coupling constant
and the Higgs field possess the same canonical dimension,
[e] = [φ] = [mass]1/2 (even though a φ6 -type potential
be included). In such a scenario, a “complete identifica-
tion” amongst ~AN-O, BN-O and expressions (12-15) may
be carried out, provided that the following constraints
hold:
m = e|φ| = eq
2π
. (18)
If we now take into account that the electric charge ap-
pears as multiple of the elementary one, q = n e (n inte-
ger) then, we finally have that:
2πm
e2
=
|φ|
e
= n . (19)
Even though the relation above could not be considered
as a Dirac-like quantization condition for the mass pa-
rameter (or Higgs field) in (2+1)-dimensional Abelian
Electrodynamics, since no quantum mechanics was in-
volved, it is interesting to remark that expression (19)
fixes the possible values of m (and/or |φ|), in those
regimes in which (2+1)-dimensional AMH and MCS
models present the same physical behavior, whenever |φ|
takes a constant value (see however, Refs.[13], dealing
with some cases in which the topological mass parameter
appears to be quantized). Then, we may also conclude
that the magnetic sector of the non-linear AMH model
behaves as if it were a linear one, as long as distances
become very large (and |φ| → constant).
III. MAGNETIC SYMMETRY BETWEEN
CHARGES AND AZIMUTHAL CURRENTS
Let us again consider eq. (9), in which the source is
now taken tobe a steady and azimuthal electric current,
say ji = Qǫij xj/2π|~x|2; ρ = 0. The electric and magnetic
fields associated with such a configuration read:
~E(~x) =
Q
2πm
~x
|~x|
(
1
|~x| −mK1(m|~x|)
)
, (20)
B(~x) = − Q
2π
K0(m|~x|) .
Notice that the B above exactly coincides with (12),
whenever Q = −qm, which states us that we have a mag-
netic symmetry between a point-like charge and such a
electric current. It should be mentioned that a similar
4scenario does not hold, for example, neither for the pure
Maxwell nor the Chern-Simons models. Notice also that
both fields yield finite flux. The magnetic energy is also
finite while the electric one presents infrared and ultra-
violet divergences.
Another interesting point here is that, if we introduce
a cutoff in the current above:
ji(~x) =


0 if |~x| < r0
Q
2π
ǫij xj
|~x|2 if |~x| > r0 ,
(21)
then r0 will be naturally fixed by the Chern-Simons pa-
rameter, as we shall see in what follows.
Nevertheless, before that, let us explain what we mean
by the expression above. For that, consider a very thin
finite-size sample placed in a region where a perpendicu-
lar magnetic field of strength B0, crosses it. In addition,
suppose, for simplicity, that such a field could be con-
fined to a very small disc (of radius r0) around a given
point in the sample. Then, an electric current looking
like (21) would appear in the sample. To some extent,
this scenario could be taken as an analogue to the pres-
ence of a unique neutral magnetic vortex inside a high-Tc
superconducting sample (an Aharonov-Bohm-type flux)
surrounded by such an external current. The solutions
to the eq. (9) associated to the current above read as
below:
B(~x) = B0 I0(m|~x|) ,
if |~x| < r0,
~E(~x) = B0 I0(m|~x|)xˆ ,
(22)
B(~x) = − Q2π K0(m|~x|) ,
if |~x| > r0,
~E(~x) = Q2πm
(
1
|~x| −mK1(m|~x|)
)
xˆ.
(23)
In addition, the scalar potentials associated to the solu-
tions above read respectively, as follows:
A0(~x) =
B0
m
I0(m|~x|), if |~x| < r0 , (24)
A0(~x) = −Q
m
(ln(m|~x|) +K0(m|~x|)) , if |~x| > r0 , (25)
while the vector potential takes the forms below:
Ai(~x) =
B0
m
I0(m|~x|)ǫij x
j
|~x | if |~x| < r0 , (26)
Ai(~x) = − Qǫ
ij xj
2πm2|~x|
(
1
|~x| −mK1(m|~x|)
)
, if |~x| > r0,(27)
where I0 is the modified Bessel functions of 2nd kind.
Notice the similarity between the scalar and vector quan-
tities above, namely, observe that the electric field is dual
to the vector potential (up to the multiplicative constant
m).
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FIG. 1: The behavior of the magnetic field, B(r), inside the
vortex (r0 < 1) and outside (r0 > 1). We have taken r0 =
B0 = 1 and centered the vortex at the origin.
In order that the solutions above make sense, the ex-
pressions for the scalar potential should be continuous at
the “effective vortex radius”, |~x| = r0. This condition
leads us to the following set of equations:
B0 I0(mr0) = − Q
2π
K0(mr0) , (28)
B0
m
I0(mr0) = − Q
2πm
(
ln(mr0) +K0(mr0)
)
,(29)
which can be simultaneously satisfied if and only if
r0 = 1/m. This amounts to saying that an eddy-like
current around a neutral vortex, in the MCS frame-
work, naturally fixes the radius of the latter as being
the inverse of the CS parameter (value identical to that
obtained in pure CS model for its charged vortex; see
Ref. [15], for details). Furthermore, we also obtain that
the strength of the eddy current increases, as an exter-
nal magnetic field is brought about, and vice-versa; this
means: |Q| = 2πB0 I0(1)K0(1) ≈ 6πB0. [Figure 1 shows how
the magnetic field above behaves “inside” and “outside”
this vortex. We have taken r0 = 1 and B0 = 1].
IV. NEUTRAL SPINLESS PARTICLE,
CHARGED VORTICES AND THE
AHARONOV-CASHER EFFECT
As it is well-known, in (2+1) dimensions, even spin-
less particles may carry anomalous magnetic momenta
(AMM), whenever they interact with an electromagnetic
field. The reason for this peculiarity lies in the fact that
the canonical momentum of particles can naturally be
supplemented by the dual of Fµν , by means of a non-
minimal coupling as follows:
pµ −→ pµ + fF˜µ , (30)
where the constant f measures the planar AMM of the
particle (see Ref. [17]; see also Refs. [14, 18, 19]).
5Now, let us recall that the field-strength generated by
a charged vortex in MCS framework reads like eqs. (12-
13):
F˜µ = (−B; ǫijEixˆj) = mq
2π
[
K0(mr); ǫ
ij xˆj K1(mr)
]
.(31)
Thus, for a neutral spinless particle (of mass M) which
experiences the fields above, its energy will be given by
(the case of spin particles may be carried out in an anal-
ogous way):
H = +
1
2M
(
pµ + fF˜µ
)2
. (32)
Indeed, since its free wave-function (f = 0) satisfies the
free Schro¨dinger equation, [2i h¯M∂t + ∇2]ψ0(x, t) = 0,
then WKB approximation will lead us to (hereafter, we
write h¯ constant explicitly):
ψ(x, t) = ψ0(x, t) exp
[
−ih¯f
∫
dxµF˜
µ
]
. (33)
Here, we clearly realize that the non-minimal prescrip-
tion, (30), is equivalent (at WKB level) to introducing a
non-integrable phase to ψ0. Now, the interesting case to
be considered regards the particle performing a spatial
loop, θ, in an adiabatic way around the charged vortex.
In such a case, we have:
θ = f
∮
dxi F˜
i = f
∮
C
~E · d~x = fΦE . (34)
Now, using that
∮
C
~E · d~x = ∫S ∇ · ~E d2~x =∫
S d
2~x
[
q δ2(~x) −mB], we get:
θ = fΦE = f(q −mΦB) . (35)
The point to be stressed is that the electric or the mag-
netic flux above is not the total flux, but only that part
contained inside a circular region of radius R (R is the
distance between the MCS vortex and the neutral parti-
cle). This flux is given by (see formula 6.561-8 on page
683, in Ref. [11]):
ΦB = qm
∫ R
0
rK0(mr) dr =
q
m
[
1−mRK1(mR)
]
.
Finally, we obtain that the Aharonov-Casher phase is
given as below:
θAC = h¯fq mRK1(mR) , (36)
which implies that ψ(x, t) = ψ0(x, t) eiθAC . Therefore,
the wave-function describing the neutral spinless particle
acquires a topological phase that depends upon mass and
distance parameters, as previously announced (see also
Fig. 2). The pure Maxwell limit, m→ 0 (or equivalently,
R → 0), taken in this phase, yields the result obtained
by Carrington and Kunstatter [18], namely, θAC |m→0 =
m=5
m=1
m=0.5
0
0.2
0.4
0.6
0.8
1
Phase
2 4 6 8 10
distance
FIG. 2: The Aharonov-Casher phase, as function of distance,
is exhibited for some values of the Chern-Simons parameter.
h¯fq. On the other hand, as m → ∞ (pure CS limit)
then θAC vanishes. This result agrees with Gauss law
in MCS framework and also with the fact that in pure
CS framework there is no static electric field, yielding
ΦE ≡ 0 everywhere in this case.
Concerning the limit discussed above, let us recall that
the energy density radiated, per unity of frequency, for
“planar photons” in thermal equilibrium, U2+1(ν′,m),
is vanishing, whenever it is taken in the planar version
of the Planck’s Law [9]. Then, we may conclude that,
when the dynamics is switched off, the same occurs with
U2+1(ν′,m). Indeed, a similar scenario seems to take
place here, since if m → ∞, so does θAC . This is inter-
esting because such a phase has topological origin, but
as long as dynamics is turned off the phase vanishes.
Notice also that, by virtue of the connection between
spin and quantum statistics, then the neutral particle
formerly taken to be spinless, could now display non-
trivial statistics, namely fractional spin.
As a final remark, we mention that, since actual exper-
iments would deal with finite values for R and m, then
our present result, (36), suggests a way to determine the
Chern-Simons parameter (as long as q and f are known),
whenever one could provides conditions such that the ex-
periments are able to take into account planar effects on
the quantum radiation.
V. CONCLUSIONS AND PROSPECTS
Chern-Simons Electrodynamics naturally associates
a point-like magnetic flux to each (point-like) electric
charge. Whenever a Maxwell term is taken into account,
leading to the MCS model, the magnetic sector presents
finite energy, despite the lack of structure of the com-
posite object. In addition, we have pointed out that,
in the MCS framework, the magnetic field created by a
6static point-like charge is identical to that generated by
an azimuthal-like steady current. Moreover, if we con-
sider a ‘ neutral magnetic vortex’ surrounded by such a
current (like those eddy-current around magnetic flux-
ons observed in High-Tc superconductors) the vortex ra-
dius is fixed to be exactly r0 = 1/m. A comparison be-
tween our magnetic configurations and those obtained by
Nielsen and Olesen [12] was also performed at large dis-
tances, where they were seen to present analogous behav-
ior, provided that a relation between the Chern-Simons
parameter and the Higgs field is implemented.
We have also seen that, whenever a neutral spinless
particle interacts with an MCS charged composite vor-
tex, the Aharonov-Casher (AC) effect is induced in the
former, as expected. The novelty found here is that such
a topological phase depends upon mass and distance be-
tween the spinless particle and the vortex. Furthermore,
as m → 0, we recover the usual result known in the lit-
erature [18].
Our results concern photons as if they were planar ex-
citations, possibly carrying a mass given by the Chern-
Simons parameter,m. However, for the time being, we do
not know any condition which could provide such a sce-
nario. Perhaps, new experimental findings in Quantum
Hall Effect and High-Tc Superconductivity, among other
phenomena, might settle MCS theory as fundamental for
explaning them. In addition, neutral spinless particles
together with the AC effect could be important in new
scenarios in which fractional statistics is demanded. In
such cases, new techniques could provide ways to deter-
mine the AC-phase and whether it behaves like we have
presented here.
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